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341 Formulations of Einstein’s equations

Mark A. Scheel
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Outline:

Quick summary of last talk.

3+1 formulation (i.e. how one writes equations) is not unique.
* Changing formulation changes numerical results

Hyperbolic formulations.
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* Constraint-violating solutions

Hope to control using variational methods.
x Pure gauge (coordinate) solutions
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(EM: Jackson Problem 6.19)
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341 formulation is not unique

ADM in 1st order form: Variables g;;, K, dri; = Orgi;
C = Ry+KLYKYG — KK =0
C; = DjKZ-j — DZ-ij =0
Cikij = Opdyij =0

0:gi; = Xij;(g, K,gauge)
0 Ki; = Yi(9,K,d,gauge) + g;;C + gklck(ij)l
Ordri; = Zkij(g, K, d,gauge) + 1191:Cj) + 1 gi;iCr
Can add constraints.
Can also change variables, e.g. P;; = K;; + ~¢ii Kpng™"

Does not change physical solutions.
Does change unphysical solutions of evolution system
(gauge modes, constraint-violating modes)
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Fully 3D numerical evolution of Schwarzschild BH.
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Formulation affects numerical results (3D) 5

Fully 3D numerical evolution of Schwarzschild BH.

Change parameters Z, n. Numerics unchanged.
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Formulation affects numerical results (1D)

Spherically symmetric (1D) evolution of Schwarzschild BH.
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Formulation affects numerical results (1D)

Spherically symmetric (1D) evolution of Schwarzschild BH.

Ham. Constraint|,

Add constraint to evolution egns, numerics unchanged.
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Formulation affects numerical results (GW) 7

3D weak gravitational waves (full nonlinear equations).
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Boundary Conditions

Three types of boundaries

*x Excision
* Outer
* Internal

Q: What boundary conditions are required /allowed?
Auy+ Bu=C

C
C
C
C

Uyy t Uze =0 Uyy — Uzx =0

Au , + Bu
Au , + Bu
Au , + Bu
Au , + Bu

Auy+ Bu=C supply u and u ,
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Some formulations are

* Hyperbolic: Complete set of
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Hyperbolicity
Some formulations are

* Hyperbolic: Complete set of
characteristic eigenfields.

* Example: wave equation O¢ = 0

* Example: d;u + C*(u)0;u = F(u)
(if C* are symmetric matrices).

Boundary conditions well-defined.
Black hole excision well-defined.
* Even unphysical solutions are causal.

Some numerical methods require hyperbolicity.

Usual 3+1 (ADM) formulation is

hyperbolic except in particular gauge.
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Example of a hyperbolic formulation
“Einstein-Christoffel” (Anderson, York, Choquet-Bruhat 1999)

Orgi; — P Okgi = —2aK;; + 2g,:0;)8",
OKi; — B*OkK;; + ag®0ufri; = aX(9i, Kij, frij),
Orfrij — B Oufri; + «OpKyj = oY (95, Kij, frij);

here
WAEE Gijk + 9 Gpq,(i 953k — 9" " Gk(i 9i)p,q

DO | —

Jrij =
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Example of a hyperbolic formulation
“Einstein-Christoffel” (Anderson, York, Choquet-Bruhat 1999)

Orgi; — P Okgi = —2aK;; + 2g,:0;)8",
OKi; — B*OkK;; + ag®0ufri; = aX(9i, Kij, frij),
Orfrij — B Oufrij + OpKyj = oY (9i, Kij, frij);
h 1
WHEEE sz’j — §gz’j,k - gpquq,(i 9k — gpqgk(z' 9i)p,q

Compare scalar wave equation O¢ = 0 in curved space with
I1=a1(0:;¢0 — 3'0;0), O = 0r0:
0ip — 5k8k€b = —all
OIL — BRIl + ag™0,®r, = aX(II, Py),
0, P — B°0,®r + «aOill = oY (II, &)
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Which formulation should we use?

ADM?

* hyperbolic except in harmonic coordinates.
Unknown how to impose boundary conditions.
Excision done on case-by-case basis.

“ADM alternatives” (e.g. BSSN)?

* Appear to perform better than ADM (even for harmonic coords)
* Still not hyperbolic.

Hyperbolic formulations?

* Many to choose from.

x Many have similar structure (wave equations).

x Still have constraint & gauge problems (as do ADM,BSSN. . . )
* Q: Can they be derived from an action principle?
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Why not ADM in harmonic coordinates?

Useful to retain gauge freedom

* Choose coordinate systems to simplify problem
Time-indep coords for time-indep solutions
Co-rotating coords for BBH inspiral

* Keep coordinates nonsingular.

Harmonic coords can be ill-behaved

* Harmonic foliation of flat space can develop coordinate
singularities.

* Harmonic foliations of some time-independent space-
times are time-dependent.



