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3+1 Formulations of Einstein’s equations

Mark A. Scheel

Caltech

Outline:

• Quick summary of last talk.

• 3+1 formulation (i.e. how one writes equations) is not unique.

? Changing formulation changes numerical results

for fixed numerical solution scheme.

• Hyperbolic formulations.
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Summary of Part I

• Cauchy evolution of black hole spacetimes:

time

space

? Break Einstein’s equations into

∗ Constraint equations.

∗ Evolution equations.

? Current general methods unstable.

• Why so difficult?

? Must avoid physical singularities (horizon excision).

? Difficult to find good coordinate system.

? “Almost all” coordinate systems become singular.

? Constraints violated by free evolution.

? Are 3+1 evolution equations well-behaved analytically?
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• Einstein evolution equations have unphysical solutions.
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Problem: Unphysical Solutions

• Einstein evolution equations have unphysical solutions.

? Constraint-violating solutions

∗ Hope to control using variational methods.

? Pure gauge (coordinate) solutions

∗ Present even when constraints satisfied.

• Unphysical solutions can grow quickly.

• Unphysical solutions can propagate acausally.

(EM: Jackson Problem 6.19)
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3+1 formulation is not unique

• ADM in 1st order form: Variables gij,Kij, dkij ≡ ∂kgij
C = R̄ii +Ki

iK
i
i −KijK
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Ci = DjKij −DiK

j
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3+1 formulation is not unique

• ADM in 1st order form: Variables gij,Kij, dkij ≡ ∂kgij
C = R̄ii +Ki

iK
i
i −KijK

ij = 0
Ci = DjKij −DiK

j
j = 0

Clkij = ∂[ldk]ij = 0

∂tgij = Xij(g,K, gauge)
∂tKij = Yij(g,K, d, gauge) + γgijC + ζgklCk(ij)l

∂tdkij = Zkij(g,K, d, gauge) + ηgk(iCj) + χgijCk
• Can add constraints.

• Can also change variables, e.g. Pij = Kij + ẑgijKmng
mn

• Does not change physical solutions.

• Does change unphysical solutions of evolution system

(gauge modes, constraint-violating modes)
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Formulation affects numerical results (3D)

• Fully 3D numerical evolution of Schwarzschild BH.

• Change formulation parameters ẑ, η. Numerics unchanged.

Kidder, MAS, Teukolsky PRD 64:064017 (2001)

ẑ = 0, η = 4 ẑ = −1/4, η ∼ 1/8
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Formulation affects numerical results (1D)

• Spherically symmetric (1D) evolution of Schwarzschild BH.

MAS et. al. PRD 58, 044020 (1998)
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Formulation affects numerical results (1D)

• Spherically symmetric (1D) evolution of Schwarzschild BH.

• Add algebraic constraint to evolution eqns, numerics unchanged.

MAS et. al. PRD 58, 044020 (1998)
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Formulation affects numerical results (GW)

• 3D weak gravitational waves (full nonlinear equations).

• Dashed: ADM

• Solid: “BSSN”

Baumgarte & Shapiro PRD 59, 024007 (1999)
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Boundary Conditions

• Three types of boundaries

? Excision

? Outer

? Internal

• Q: What boundary conditions are required/allowed?

u,yy + u,xx = 0

Au,y + Bu = C

Au,y + Bu = C

A
u
,x

+
B
u

=
C

A
u
,x

+
B
u

=
C

u,yy − u,xx = 0

supply u and u,y

A
u
,x

+
B
u

=
C

A
u
,x

+
B
u

=
C
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Hyperbolicity
• Some formulations are hyperbolic.

? Hyperbolic: Complete set of

characteristic eigenfields.
? Example: wave equation 2φ = 0
? Example: ∂tu+ Ci(u)∂iu = F (u)

(if Ci are symmetric matrices).
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? Example: ∂tu+ Ci(u)∂iu = F (u)

(if Ci are symmetric matrices).

• Boundary conditions well-defined.

NO b.c.b.c.
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Hyperbolicity
• Some formulations are hyperbolic.

? Hyperbolic: Complete set of

characteristic eigenfields.
? Example: wave equation 2φ = 0
? Example: ∂tu+ Ci(u)∂iu = F (u)

(if Ci are symmetric matrices).

• Boundary conditions well-defined.

• Black hole excision well-defined.

? Even unphysical solutions are causal.

• Some numerical methods require hyperbolicity.

• Usual 3+1 (ADM) formulation is not

hyperbolic except in particular gauge.
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Example of a hyperbolic formulation

“Einstein-Christoffel” (Anderson, York, Choquet-Bruhat 1999)

∂tgij − βk∂kgij = −2αKij + 2gk(i∂j)β
k,

∂tKij − βk∂kKij + αgk`∂`fkij = αX(gij,Kij, fkij),
∂tfkij − β`∂`fkij + α∂kKij = αY (gij,Kij, fkij),

where fkij ≡
1
2
gij,k + gpqgpq,(i gj)k − gpqgk(i gj)p,q
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Example of a hyperbolic formulation

“Einstein-Christoffel” (Anderson, York, Choquet-Bruhat 1999)

∂tgij − βk∂kgij = −2αKij + 2gk(i∂j)β
k,

∂tKij − βk∂kKij + αgk`∂`fkij = αX(gij,Kij, fkij),
∂tfkij − β`∂`fkij + α∂kKij = αY (gij,Kij, fkij),

where fkij ≡
1
2
gij,k + gpqgpq,(i gj)k − gpqgk(i gj)p,q

Compare scalar wave equation 2φ = 0 in curved space with

Π ≡ α−1(∂tφ− βi∂iφ), Φk ≡ ∂kφ:

∂tφ − βk∂kφ = −αΠ
∂tΠ− βk∂kΠ + αgk`∂`Φk = αX(Π,Φk),

∂tΦk − β`∂`Φk + α∂kΠ = αY (Π,Φk)



11

Which formulation should we use?

• ADM?

? Not hyperbolic except in harmonic coordinates.

∗ Unknown how to impose boundary conditions.

∗ Excision done on case-by-case basis.



11

Which formulation should we use?

• ADM?

? Not hyperbolic except in harmonic coordinates.

∗ Unknown how to impose boundary conditions.

∗ Excision done on case-by-case basis.

• “ADM alternatives” (e.g. BSSN)?

? Appear to perform better than ADM (even for harmonic coords)

? Still not hyperbolic.



11

Which formulation should we use?

• ADM?

? Not hyperbolic except in harmonic coordinates.

∗ Unknown how to impose boundary conditions.

∗ Excision done on case-by-case basis.

• “ADM alternatives” (e.g. BSSN)?

? Appear to perform better than ADM (even for harmonic coords)

? Still not hyperbolic.

• Hyperbolic formulations?

? Many to choose from.

? Many have similar structure (wave equations).

? Still have constraint & gauge problems (as do ADM,BSSN. . . )



11

Which formulation should we use?

• ADM?

? Not hyperbolic except in harmonic coordinates.

∗ Unknown how to impose boundary conditions.

∗ Excision done on case-by-case basis.

• “ADM alternatives” (e.g. BSSN)?

? Appear to perform better than ADM (even for harmonic coords)

? Still not hyperbolic.

• Hyperbolic formulations?

? Many to choose from.

? Many have similar structure (wave equations).

? Still have constraint & gauge problems (as do ADM,BSSN. . . )

? Q: Can they be derived from an action principle?



12

Why not ADM in harmonic coordinates?

• Useful to retain gauge freedom

? Choose coordinate systems to simplify problem

∗ Time-indep coords for time-indep solutions

∗ Co-rotating coords for BBH inspiral

? Keep coordinates nonsingular.

• Harmonic coords can be ill-behaved

? Harmonic foliation of flat space can develop coordinate

singularities.

? Harmonic foliations of some time-independent space-

times are time-dependent.


