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Outline:

Introduction
How are Einstein's equations solved?

Why is it so difficult to evolve black holes?
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Strategy

Develop method for general black hole spacetimes

Test on progressively more complicated systems

% Single Schwarzschild BH *x “Cosmic screw”
* Single Kerr BH * Grazing collision
* Single distorted BH *
* Single boosted BH *

* Head-on collision, no spins %

All current general methods are unstable!

* Codes crash at ¢t ~ 30M—1000M
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3+1 Decomposition

Key quantity: spacetime metric g,
What we know: g, satisfies G,,, = 87T}, in all spacetime.

What we want: Given g, “now”, what happens to it “later”?

o~ —
t =2
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3+1 Electromagnetism
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3+1 Electromagnetism

0" (0,A, — 0,A,) =4rJ,

Let Aﬁ = (_¢7—»A) - tim‘e
space — =
V-E = 4mp (C1)
Then A = —E—V¢ (E1)

OE = Vx(VxA) —4nJ (E2)

Scalar potential ¢ undetermined (gauge).

Vector potential A still has some gauge freedom.



3+1 Variables for General Relativity
ds* = —a’dt* + g;;(dx" + 3" dt)(da? + (3 dt)
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Three-metric g;;: Measures lengths at constant ¢.
Lapse o: Measures proper time of normal observer.
Shift 3*: Velocity of coords relative to normal observer.



3+1 Variables for General Relativity
ds* = —a’dt* + g;;(dx" + 3" dt)(da? + (3 dt)
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Three-metric g;;: Measures lengths at constant ¢.
Lapse o: Measures proper time of normal observer.
Shift 3*: Velocity of coords relative to normal observer.

Extrinsic Curvature K;; = —%,,Eﬁgij
Measures how normals diverge.
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Maxwell-Einstein Analogy

Maxwell Einstein
Variables A, s
Equation o'F,, =4nJ, Cry = Sl
3+1 Ay — A: ¢ Juv — Gij, &, BZ
O; variables E K,
Constraints V- E = 4mp F(K,g,K',g',9") =0
Evolution &%Y, 8tE 0tGij, Otk
Gauge! Ay =¢ Jou = a, 3°
Gauge? A gi;

I Completely undetermined by equations of motion.
2 Contains some gauge freedom.
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341 Equations Overdetermined

—

V-E = dnp (C1)
Maxwell lllustration: 9,4 = —FE — V¢ (E1)
OE = Vx(VxA) —4arJ (E2)
t + ot
time t

space

Given E A at t, how does one get E A att + ot?

Usually choose free evolution.
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Why so difficult?

Coordinate invariance (gauge freedom)
Spacetime singularities

Constraint violations

lll-behaved formulations of Einstein's equations

Bigger computers will solve our problems!
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Anatomy of a Black Hole
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Singularities

Naive integration hits singularity t=5

Try coordinate freedom

* Grid stretching t =2
b= 1
Modern method: N

* Boundary conditions?
* Horizon changes shape.
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Constraint Violation

—

V-E = 47 p
Maxwell lllustration: 9,4 = —F — ﬁgb
HE = Vx(VxA) —4rJ
t + 6t
time t

space

Does solving (E1), (E2) guarantee (C1)?

* Exact solution: yes.
* Approximate solution: no.
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Constraint Violation

—

V-E = 4mp (C1)
Maxwell lllustration: 9,4 = —FE — V¢ (E1)
OE = Vx(VxA) —4rJ (E2)
t 4 ot
time t

space

Does solving (E1), (E2) guarantee (C1)?

* Exact solution: yes.
* Approximate solution: no.

* Problem: 3+1 Einstein evolution equations:
Perturbations that violate constraints can grow rapidly.
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