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Numerical Computation of Black Hole
Spacetimes

Mark A. Scheel

Caltech

Outline:

• Introduction

• How are Einstein’s equations solved?

• Why is it so difficult to evolve black holes?
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Goal

Solve Einstein’s equations for binary black hole system

• Dynamical time scale for a single BH is its mass M .

(Reminder: G = c = 1. M� = 5µs = 1.5km)

• Must follow evolution for thousands of M .
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Strategy

• Develop method for general black hole spacetimes

• Test on progressively more complicated systems

? Single Schwarzschild BH

? Single Kerr BH

? Single distorted BH

? Single boosted BH

? Head-on collision, no spins

? “Cosmic screw”

? Grazing collision

? Widely separated binary

? Close quasiequilibrium orbits

? Many orbits + merger

• All current general methods are unstable!

? Codes crash at t ∼ 30M—1000M
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3+1 Decomposition

• Key quantity: spacetime metric gµν

• What we know: gµν satisfies Gµν = 8πTµν in all spacetime.

• What we want: Given gµν “now”, what happens to it “later”?

t = 0

t = 1

t = 2

t = 3

time

space
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3+1 Electromagnetism

∂ν (∂µAν − ∂νAµ) = 4πJµ

time

space

• Let
Aµ ≡ (−φ, ~A)
~E ≡ −∂t ~A− ~∇φ

• Then

~∇ · ~E = 4πρ (C1)
∂t ~A = − ~E − ~∇φ (E1)
∂t ~E = ~∇× (~∇× ~A)− 4π ~J (E2)

• Scalar potential φ undetermined (gauge).

• Vector potential ~A still has some gauge freedom.
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3+1 Variables for General Relativity

ds2 = −α2dt2 + gij(dxi + βi dt)(dxj + βj dt)

t

t+ δt

α~n

~n ~β

~t = α~n+ ~β

• Three-metric gij: Measures lengths at constant t. (Analogue: ~A)

• Lapse α: Measures proper time of normal observer. (Analogue: φ)

• Shift βi: Velocity of coords relative to normal observer. (Analogue: φ)
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3+1 Variables for General Relativity

ds2 = −α2dt2 + gij(dxi + βi dt)(dxj + βj dt)

t

t+ δt

α~n

~n ~β

~t = α~n+ ~β

• Three-metric gij: Measures lengths at constant t. (Analogue: ~A)

• Lapse α: Measures proper time of normal observer. (Analogue: φ)

• Shift βi: Velocity of coords relative to normal observer. (Analogue: φ)

• Extrinsic Curvature Kij ≡ −1
2£~ngij

Measures how normals diverge. (Analogue: ~E)
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Maxwell–Einstein Analogy

Maxwell Einstein

Variables Aµ gµν
Equation ∂νFµν = 4πJµ Gµν = 8πTµν
3+1 Aµ→ ~A, φ gµν → gij, α, β

i

∂t variables ~E Kij

Constraints ~∇ · ~E = 4πρ F (K, g,K ′, g′, g′′) = 0
Evolution ∂t ~A, ∂t ~E ∂tgij, ∂tKij

Gauge1 A0 ≡ φ g0µ ≡ α, βi

Gauge2 ~A gij

1 Completely undetermined by equations of motion.
2 Contains some gauge freedom.
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Maxwell–Einstein Analogy

Maxwell Einstein

Variables Aµ gµν
Equation ∂νFµν = 4πJµ Gµν = 8πTµν
3+1 Aµ→ ~A, φ gµν → gij, α, β

i

∂t variables ~E Kij

Constraints ~∇ · ~E = 4πρ F (K, g,K ′, g′, g′′) = 0
Evolution ∂t ~A, ∂t ~E ∂tgij, ∂tKij

Gauge1 A0 ≡ φ g0µ ≡ α, βi

Gauge2 ~A gij
Linear Nonlinear

1 Completely undetermined by equations of motion.
2 Contains some gauge freedom.
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3+1 Equations Overdetermined

Maxwell Illustration:

~∇ · ~E = 4πρ (C1)
∂t ~A = − ~E − ~∇φ (E1)
∂t ~E = ~∇× (~∇× ~A)− 4π ~J (E2)

time

space

t

t+ δt

• Given ~E, ~A at t, how does one get ~E, ~A at t+ δt?

• Usually choose free evolution.
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Why so difficult?

• Complicated equations

• Complicated geometry

• Large CPU/memory requirements

• Coordinate invariance (gauge freedom)

• Spacetime singularities

• Constraint violations

• Ill-behaved formulations of Einstein’s equations

Bigger computers will not solve our problems!
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Coordinate invariance

• Hard to find good coordinate system

? Many bad ones (e.g. Schwarzschild)

ds2 = −(1− 2M/r) dt2 + (1− 2M/r)−1 dr2 + r2 dΩ2

t =∞

• Some solutions of Einstein’s equations

correspond to coordinate motion.

t = 0

t = 1

x = 1 x = 2
x = 3 x = 4

x = 5

x = 1 x = 2
x = 3 x = 4 x = 5
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Singularities

• Naive integration hits singularity

• Try coordinate freedom

? Grid stretching

• Modern method: Excision

? Boundary conditions?

? Horizon changes shape.

t = 0

t = 1

t = 2

t = 3

t = 4

t = 5
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Constraint Violation

Maxwell Illustration:

~∇ · ~E = 4πρ (C1)
∂t ~A = − ~E − ~∇φ (E1)
∂t ~E = ~∇× (~∇× ~A)− 4π ~J (E2)

time

space

t

t+ δt

• Does solving (E1), (E2) guarantee (C1)?
? Exact solution: yes.

? Approximate solution: no.



14

Constraint Violation

Maxwell Illustration:

~∇ · ~E = 4πρ (C1)
∂t ~A = − ~E − ~∇φ (E1)
∂t ~E = ~∇× (~∇× ~A)− 4π ~J (E2)

time

space

t

t+ δt

• Does solving (E1), (E2) guarantee (C1)?
? Exact solution: yes.

? Approximate solution: no.

? Problem: 3+1 Einstein evolution equations:

Perturbations that violate constraints can grow rapidly.
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Definitions

Di ≡ ∂i + terms like gjk,i

R̄ij ≡ gpqgrs
(

1
2
grs,pgq(i,j) − gqs,rgp(i,j) +

1
4
gps,jgqr,i

+gpj,sgi[q,r] +
1
4
gqs,rgij,p −

1
4
grs,qgij,p

)
+ gpq

(
gp(i,j)q −

1
2
gij,pq −

1
2
gpq,ij

)
adm


