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Introductory Remarks
�Topics:
� variational integrators and discrete mechanics for

degenerate Lagrangians
� application to vortex dynamics—point vortices in

the plane

�Bottom Line
• Variational integrators get thelong term dynamics “cor-

rect”; even if individual trajectories may not be correct
(the dynamics can be chaotic).

• Energy, other conserved quantities, and statistical quan-
tities, such as the structure of chaotic invariant sets are
computed correctly.
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Numerical Results: Point Vortices
�Sample numerical experiments

�Goal: evaluate the performance of the variational
integrators, relative to some standard integrators of
comparable accuracy.

�Schemes considered:
Scheme Name Order Type

RK2 Runge-Kutta 2 Explicit
RK4 Runge-Kutta 4 Explicit
VE2 Variational,σ = 0 2 Explicit
VI2 Variational,σ = 0.5 2 Implicit
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Numerical Results: Point Vortices
�System of four point vortices, with the following ini-

tial con�guration:

j 1 2 3 4
xj −1 1 −1 1
yj 2 2 −2 −2
Γj 1 1 −1 −1

� These initial conditions are symmetric about thex-
axis, and as time evolves, the two pairs of vortices
leapfrog past each other, as shown in the Figure.
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Numerical Results: Point Vortices
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Typical trajectories of leapfrogging vortices for numerical tests.
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Numerical Results: Point Vortices
• Variation in the Hamiltonian for the VE2 and RK schemes

(RK2 and RK4 have similar behavior);

•Note that the RK schemes show asecular drift in the
Hamiltonian, while for the symplectic scheme VE2,the
Hamiltonian remains close to its initial value for all time .

• This problem has anSE(2) symmetry that has associated
conserved quantities–the variational scheme preserves these,
while the RK scheme again experiences secular drift.

• Projection methods that try to “force conservation” appar-
ently don’t work very well (Juan Simo told me this and I
believe it).
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Numerical Results: Point Vortices

0 0.5 1 1.5 2

x 10
5

-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

Time

H
am

ilt
on

ia
n 

(H
 -

 H
0)

The Hamiltonian deviation (H(t)−H(0)) for an RK scheme (dashed) and the

variational (symplectic) scheme VE2 (solid).

7



Numerical Results: Point Vortices
�Consider the following two sets of initial conditions,

also used by Pullin and Saffman in 1991:

j 1 2 3 4
xj 1.0 0.866 −0.85 −0.5
yj 1.0 0.45−1.363636 −0.15

xj −1.85 −0.07 0.78 0.76
yj 0.05 −1.332 0.167−1.2902

� For the �rst case, the motion isquasi-periodic, and
for the second case, the motion ischaotic.

�We will be showing Poincare´ sections.

� The section shown is with respect to certain reduced
coordinates (the symmetry reduced system is of di-
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Numerical Results: Point Vortices
mension 4 (2 degrees of freedom) so a Poincare´ sec-
tion is natural to look for.

�Quasiperiodic case:0 ≤ t ≤ 105,

�Chaotic case:0 ≤ t ≤ 106.

�Both schemes accurate results if∆t small enough.

�As∆t is increased, the Poincare´ sections for RK4 de-
grade much sooner than those for VI2, even though
RK4 is higher-order.

� The behavior of the Hamiltonian is qualitatively sim-
ilar to that shown previously: scheme VI2 stays close
to its original value, while scheme RK4 drifts.
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Numerical Results: Point Vortices

quasiper.mov

Poincarémap: quasiperiodic solutions. Both schemes give qualitatively correct results

for h = 0.1, but RK4 gives spurious results forh = 0.2.
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Numerical Results: Point Vortices

chaotic.mov

Both schemes produce clear Poincare´ sections forh = 0.2, but for h = 0.5, RK4

produces a blurred section, while the section from VI2 remains crisp forh = 1.0. For

h = 1.0, RK4 deviates completely, and transitions into a quasiperiodic state.
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Restricted to Small Systems?
�A large system

L-beam
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Restricted to Smooth Systems?
�A nonsmooth system

collisions
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Conclusions
�We have developed the theory of variational integra-

tors for the case of degenerate Lagrangians

�We have applied it to the case of point vortices in the
plane to produce symplectic and momentum preserv-
ing schemes for arbitrary numbers of vortices.

�We have demonstrated with some numerical exam-
ples, that these schemes have excellent energy pre-
serving properties compared to standard schemes

�Variational schemes are shown to capture the subtle
chaotic dynamics in a superior way.
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Hamilton’s Principle
� action integral stationary for curves with �xed end-

points in con�guration spaceQ:

δ
∫ b
a
L(q, �q)dt = 0

q�a�

q(b)

δq(t)

Q

q(t) varied curve
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Hamilton’s Principle
�with appropriate regularity, Hamilton’s principle gives

the Euler�Lagrange equations
d
dt
∂L
∂ �qi

− ∂L
∂qi

= 0
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Hamilton’s Principle
�with appropriate regularity, Hamilton’s principle gives

the Euler�Lagrange equations
d
dt
∂L
∂ �qi

− ∂L
∂qi

= 0

� For dissipative, forced, or controlled systems, use the
Lagrange–d’Alembert Principle:

δ
∫ b
a
L(q, �q)dt +

∫ b
a

F · δqdt = 0

� gives theforced Euler–Lagrange equations:
d
dt
∂L
∂ �qi

− ∂L
∂qi

= Fi
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Discrete Mechanics
�Discrete Lagrangian:

Ld(q0, q1, h) ≈
∫ h

0
L
(
q(t), �q(t)

)
dt

whereq(t) is the exact solution of the Euler–Lagrange
equations forL joining q0 to q1 over thetime step
interval 0 ≤ t ≤ h.

q0

Q

q(t), an exact solution

q1

t = 0 t = h
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Discrete Mechanics
�Holdingh �xed Ld :Q×Q → R

� Form theaction sum: Sd =
N−1∑
k=0

Ld
(
qk, qk+1, hk

)

�Discrete variational (Hamilton) principle: Extremize
Sd with �xed end points,q0 andqN

qi

qN

δqi

Q

qi varied point
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Discrete Mechanics
�Gives theDEL (discrete Euler–Lagrange) equations:

D2Ld
(
qi−1, qi, hi−1

)+D1Ld
(
qi, qi+1, hi

) = 0
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Discrete Mechanics
�Gives theDEL (discrete Euler–Lagrange) equations:

D2Ld
(
qi−1, qi, hi−1
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�De�nes the DELalgorithm :
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qi−1, qi

)
�
(
qi, qi+1

)
�Properties:
• symplectic: preserves a discrete version of the symplec-

tic structure.
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Discrete Mechanics
�Gives theDEL (discrete Euler–Lagrange) equations:

D2Ld
(
qi−1, qi, hi−1

)+D1Ld
(
qi, qi+1, hi

) = 0

�De�nes the DELalgorithm :
(
qi−1, qi

)
�
(
qi, qi+1

)
�Properties:
• symplectic: preserves a discrete version of the symplec-

tic structure.
•momentum preserving: preserves a discrete momentum

map associated with symmetries (e.g., linear and angular
momentum)

• energy preserving: exact if time-steps are also varied;
for �xed time steps the energy typically undergoes small
oscillations (inde�nitely) around its true value
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Discrete Mechanics
�Some speci�c well-studied schemes are variational:
•Newmark: the classical Newmark scheme is variational

(Kane, Marsden, Ortiz, West, 2000); this is a modi�ca-
tion of the above Example.

•more sophisticated quadrature schemes (Gauss and Lo-
batto) lead in a natural way to higher order accurate
RK and SPARK(symplectic partitioned additive Runge–
Kutta) algorithms (West).

• Verlet and related schemes used in molecular dynamics
• SHAKE and RATTLE
•Method extends to the PDE (multisymplectic) context

(Marsden, Patrick, Shkoller, 1998)
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Dissipative Systems
• By similarly discretizing the Lagrange-d’Alembert princi-

ple, one gets algorithms for dissipative or forced systems.
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Dissipative Systems
• By similarly discretizing the Lagrange-d’Alembert princi-

ple, one gets algorithms for dissipative or forced systems.

• Simple (but generic) example:a particle moving in the
plane under a radially symmetric polynomial potential with
small dissipation. One getsremarkably good energy be-
havior (the integrator, in the absence of dissipation is ex-
actly symplectic and angular momentum preserving).
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Dissipative Systems
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Degenerate Lagrangians
�Main Example: Point vortices

�System ofn interacting point vortices inR2 � C
�Coordinatesof the jth vortex arezj = xj + iyj.
�Circulation of the jth vortex isΓj
� Lagrangian (see, e.g., Paul Newton’s book)

L(zj, z̄j, �zj, �̄zj) = 1
2i

n∑
j=1

Γj(z̄j �zj − zj �̄zj)

− 1
2π

n∑
j �=k
ΓjΓk log |zj − zk|,
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Degenerate Lagrangians
or in real form,

L(x,y, �x, �y) = 1
2

n∑
j=1

Γj(xj �yj −yj �xj)

− 1
4π

n∑
j �=k
ΓjΓk log ((xj − xk)2 + (yj −yk)2).

� This Lagrangian isdegenerate

�Hamilton’s principle still applies; the Euler-Lagrange
equations give the�rst-order evolution equations

�̄zj = 1
2πi

∑
j �=k

Γk
zj − zk.
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Degenerate Lagrangians
�General form of degenerate Lagrangians

� The above Lagrangian has the general form

L(q, �q) = 〈α(q), �q〉−H(q);
α is aone-form onQ, andH :Q → R.

� For the point vortex Lagrangian, withq = (x,y) ∈
R2n, the formα is given in coordinates by

α(xi,yi) = −1
2
Γijyi dxj + 1

2
Γijxi dyj,

whereΓij = Γiδij is adiagonal matrix of vortex strengths.

� This point vortex system has a Hamiltonian structure;
we obtain integrators preserving this structure.
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Degenerate Lagrangians
�Hamiltonian structure
� For degenerate Lagrangians of the general form above,

the momentum is

pi = ∂L
∂ �qi

= αi(q),
and so the Euler-Lagrange equations become

d
dt
(αi(q)) = ∂L

∂qi
= ∂αj
∂qi

�qj − ∂H
∂qi

and hence
∂αi
∂qj

�qj − ∂αj
∂qi

�qj = −∂H
∂qi

.

� These are�rst-order equations of the form
�q = X(q)
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Degenerate Lagrangians
where the vector �eldX is given by

−dα(X(q), v) = dH(q) · v
for all v ∈ TQ.

� This calculation shows that the equations of motion
are Hamiltonian, wherethe symplectic two-form is
given by Ω = −dα.

�Being Hamiltonian, the �owϕt : Q → Q of X is
symplectic (i.e.,ϕ∗

t Ω = Ω), and the HamiltonianH is
preserved by the �ow (i.e.,H = H ◦ϕt).

�Symplectic form for the point vortex Lagrangian:

Ω = −dα = −Γijdxi ∧ dyj.
27



Degenerate Lagrangians
whereq(s) denotes the solution to the Euler-Lagrange
equations withq(0) = q.
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Degenerate Lagrangians
whereq(s) denotes the solution to the Euler-Lagrange
equations withq(0) = q.

�Variational proof of symplecticity:

�De�ne St :Q → R by St(q) = S(q, t).
�Regardq(t) as a function of the initial conditionq.
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Degenerate Lagrangians
whereq(s) denotes the solution to the Euler-Lagrange
equations withq(0) = q.

�Variational proof of symplecticity:

�De�ne St :Q → R by St(q) = S(q, t).
�Regardq(t) as a function of the initial conditionq.

� The differentialdq at time t is obtained by using the
�rst variation of the equations (i.e., the tangentTFt
of the �ow map Ft : Q → Q). This induces a �rst
variation of the curve, and hence the velocity�q, which
can be used in the variational principle.
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Degenerate Lagrangians
� Take the exterior derivative,

dSt = d
∫ t

0
L(qi, �qi)dt =

∫ t
0

(
∂L
∂qi

dqi + ∂L
∂ �qi

d �qi
)
dt

=
∫ t

0

(
∂L
∂qi

− d
dt
∂L
∂ �qi

)
dqi dt + ∂L

∂ �qi
dqi

∣∣∣∣
t

0

= αidqi
∣∣t

0 = F∗t α−α
sincedqi at timet isobtained from that at timet = 0
by the tangent to the �ow map.

�Applyd again: sinced2 = 0, we obtain
F∗t dα− dα = 0,

�Consequence: the symplectic formΩ = −dα is pre-
served by the �ow map.
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Degenerate Discrete Mechanics
�Choose a discrete Lagrangian

�One choice is

Ld(q0, q1) = h · L
(
(1 − σ)q0 + σq1,

q1 − q0

h

)
.

�Writingqk+σ = (1−σ)qk+σqk+1, the discrete Euler-
Lagrange equations become

σ
∂αj
∂qi

(qk+σ)
qjk+1 − qjk

h
+ (1 − σ)∂αj

∂qi
(qk+1+σ)

qjk+2 − qjk+1

h

− αi(qk+1+σ)−αi(qk+σ)
h

= σ ∂H
∂qi

(qk+σ)+ (1 − σ)∂H∂qi(qk+1+σ).
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Degenerate Discrete Mechanics
� For point vortices, this simpli�es to:

z̄jk+2 − z̄jk
2h

= 1
2πi

∑
j �=l
Γl
(

σ
zjk+σ − zlk+σ

+ 1 − σ
zjk+1+σ − zlk+1+σ

)
.

� If f(z) denotes the complex conjugate of the right
hand side, then these equations have the form

zk+2 − zk
2h

= σf(zk+σ)+ (1 − σ)f(zk+1+σ).

� Forσ = 0 or σ = 1, the scheme is explicit, and is just
the leapfrog scheme, which is often used in molecu-
lar dynamics simulations where exact energy conser-
vation is critical. Forσ ∈ (0,1) it gives a family of
implicit schemes.
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Degenerate Discrete Mechanics

xk
xk+2

xk+1

xk+σ

xk+1+σ

• Shows the structure of the scheme for point vortices: Closed
circles indicate �nal values of x, arrows indicate evalua-
tions of the right hand sidef(x), and open circles indicate
temporary values ofx used for function evaluation.
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Numerics for Point Vortices
�Accuracy and stability.

� The integration scheme is formallysecond-order ac-
curate (the truncation error isO(h3)) for all values
of σ exceptσ = (3−√3)/6, for which the scheme is
fourth-order accurate.

�Standard stability analysis shows thatthe scheme is
stable when eigenvaluesλ of the linearized equation
are purely imaginary, with

| Im (λh)| < 1
|1 − 2σ |.

For σ = 1/2, the region of stability is the left half
plane.
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Numerics for Point Vortices
�Which scheme to use depends on atradeoff between

speed, accuracy, and stability.
• σ = 0

explicit, requires the least computation per timestep;
most severe timestep restriction :|λh| < 1.

• σ = 1/2
implicit scheme; no timestep restriction

• σ = (3 −√3)/2
implicit, most accurate; has a timestep restriction.
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Numerics for Point Vortices
�Discrete symplectic structure

� Thediscrete symplectic structureΩLd is atwo-form
on Q×Q, given by

ΩLd =
∂2Ld
∂qi0∂q

j
1

dqi0 ∧ dqj1.

�Our discrete Lagrangian:

Ld(qi0, q
i
1) = αi(qσ)(qi1 − qi0)− hH(qσ)

whereqσ = (1 − σ)q0 + σq1.
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Numerics for Point Vortices
�One computes

∂2Ld
∂qi0∂q

j
1

= hσ(1 − σ) ∂
2αk

∂qi∂qj
(qσ)

qk1 − qk0
h

− σ∂αi
∂qj

(qσ)+ (1 − σ)
∂αj
∂qi

(qσ)

− hσ(1 − σ) ∂
2H

∂qi∂qj
(qσ).

� This form isexactly preserved by the integrator.

� This form is close to the continuous symplectic form
Ω = −dα: in the limit ash → 0 (andq1 → q0), the

36



Numerics for Point Vortices
�rst and third lines vanish, so

ΩLd ≈
(∂αj
∂qi

− σ
(∂αi
∂qj

+ ∂αj
∂qi

))
dqi0 ∧ dqj1.

The term that multipliesσ will cancel (it is symmet-
ric), and we are left with, forq0 − q1 = O(h),

ΩLd ≈
∂αj
∂qi

dqi ∧ dqj = dα,

which is precisely the continuous symplectic form.

� Thus, numerically, the continuous form will remain
close to its exact valueinde�nitely for all bounded
motions.
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Future Directions
�Point vortices on a sphere.
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Future Directions
�Point vortices on a sphere.

�More general vortex methods (vortex blobs, vortex
sheets, etc).

�More general �uids–merge with AVI methods

�Articulated bodies in �uids

�Clancy will be here this summer and we will push on
some of these things.
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