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Bottom Line

Variational integrators get the “cor-
rect”; even If individual trajectories may not be correct
(the dynamics can be chaotic).

Energy, other conserved quantities, and statistical quan-
tities, such as the structure of chaotic invariant sets are
computed correctly.



Numerical Results: Point Vortic

Sample numerical experiments

evaluate the performance of the variationa
Integrators, relative to some standard integrators
comparable accuracy.

Scheme Name Order Type

RK2 Runge-Kutta 2 Explicit
RK4 Runge-Kutta 4  Explicit

VE2 Variationalg =0 2 Explicit
VI2 Variationalo =0.5 2 Implicit



Numerical Results: Point Vortic

System of four point vortices, with the following ni-
tial con guration:

j 12 3 4
x/-11-1 1
yl 22 -2 -2
[, 11-1-1
These Initial conditions are symmetric about tke

axis, and as time evolves, the two pairs of vortice
leapfrog past each other, as shown in the Figure.
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Typical trajectories of leapfrogging vortices for numerical tests.



Numerical Results: Point Vortic

Variation in the Hamiltonian for the VE2 and RK schemes
(RK2 and RK4 have similar behavior);

Note that the RK schemes show a In the
Hamiltonian, while for the symplectic scheme VE2;

This problem has arsE2) symmetry that has associated
conserved quantities—the variational scheme preserves thes
while the RK scheme again experiences secular drift.

Projection methods that try to “force conservation” appar-

ently very well (Juan Simo told me this and |
believe it).
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The Hamiltonian deviationH (t) — H(0)) for an RK scheme (dashed) and the
variational (symplectic) scheme VEZ2 (solid).



Numerical Results: Point Vortic

Consider the following two sets of initial conditions,
also used by Pullin and Saffman in 1991.

j 1 2 3 4
xJ 1.0 0.866 —-0.85 0.5
v/ 1.0 0.45-1.363636  —0.15
xJ —1.85 —0.07 0.78 0.76
yJ 0.05-1.332 0.167 —1.2902
For the rst case, the motion Is . and

for the second case, the motionas
We will be showing Poincasections.

The section shown is with respect to certain reduce
coordinates (the symmetry reduced system Is of ¢



Numerical Results: Point Vortic

mension 4 (2 degrees of freedom) so a Poincae
tion is natural to look for.

Quasiperiodic cas@. < t < 10°,
Chaotic case0 <t < 10°.
Both schemes accurate resulta\if small enough.

As At is increased, the Poincasections for RK4 de-
grade much sooner than those for VI2, even thoug

RK4 Is

The be
lar to t

nigher-order.
navior of the Hamiltonian is qualitatively sim

nat shown previously: scheme VI2 stays clo

to its original value, while scheme RK4 drifts.
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Poincaremap: quasiperiodic solutions. Both schemes give gualitatively correct resu
for h = 0.1, but RK4 gives spurious results flor= 0.2.



Numerical Results: Point Vortic

chaotic.mov

Both schemes produce clear Poiricegetions forh = 0.2, but for h = 0.5, RK4
produces a blurred section, while the section from VI2 remains crisip fot..0. For
h = 1.0, RK4 deviates completely, and transitions into a quasiperiodic state.



Restricted to Small Systems?

A large system

L-beam




Restricted to Smooth Systems”

A nonsmooth system

collisions




Conclusions

We have developed the theory of variational integr:

tors for the

case of degenerate Lagrangians

We have applied it to the case of point vortices Iin th
plane to produce symplectic and momentum preser
Ing schemes for arbitrary numbers of vortices.

We have c
ples, that t
serving pro

emonstrated with some numerical exar
nese schemes have excellent energy p

nerties compared to standard schemes

Variational schemes are shown to capture the subt
chaotic dynamics in a superior way.



Hamilton’s Principle

for curves with xed end-
points In con guration space) .

b
5[ L(q,q)dt =0

q(t) varied curve
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Hamilton’s Principle

with appropriate regularity, Hamilton’s principle give
the Euler Lagrange equations
d oL oL 0
dtoqt 0q°
For dissipative, forced, or controlled systems, use tl

b b
5J L(q,q)dt+J F-0gdt=0

gives the
d oL 0JL
dtogt 0qt

= F;



Discrete Mechanics

h
La(do, qr, h) ~ J L(a(t),a(t)) dt

0
whereg (t) isthe exact solution of the Euler—Lagrange

equations forL joining gqo to g, over the
0<t<h.

q(1), an exact solution




Discrete Mechanics

Holdingh xed L;: Q xQ - R
N-1

FOI’m the Sd — Z Ld (qk! OIk-I-ls hk)
k=0

> Extremize
S4 with xed end points, g and gy

di  varied point
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Discrete Mechanics

Gives the (discrete Euler—Lagrange) equations:
DyLa(qi-1,qi, hi-1) + D1La (qi, qiv1, hi) =0
De nes the DEL ' (Qi-1,qi) — (i, Gis1)
Properties:
. preserves a discrete version of the symplec-

tic structure.

. preserves a discrete momentum
map associated with symmetries (e.g., linear and angular
momentum)

. exact If time-steps are also varied;
for xed time steps the energy typically undergoes small
oscillations (inde nitely) around its true value



Discrete Mechanics

Some speci ¢ well-studied schemes are variational:
. the classical Newmark scheme Is variational

(

)) this Is a modi ca-

tion of the above Example.

more sophisticated quadrature schemes (Gauss and Lo
batto) lead in a natural way to higher order accurate

and
Kutta) algorit

Verlet and re
SHAKE and

(symplectic partitioned additive Runge—
mSs ( ).
ated schemes used in molecular dynamics

RATTLE

Method extends to the PDE (multisymplectic) context

(

)



Dissipative Systems

By similarly discretizing the Lagrange-d’Alembert princi-
ple, one gets algorithms for dissipative or forced systems.



Dissipative Systems

By similarly discretizing the Lagrange-d’Alembert princi-
ple, one gets algorithms for dissipative or forced systems.

a particle moving In the
plane under a radially symmetric polynomial potential with
small dissipation. One gets

(the Integrator, in the absence of dissipation Is ex-
actly symplectic and angular momentum preserving).



Dissipative Systems
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Conservative system (left) and dissipative system (right)



Degenerate Lagrangians

Main Example: Point vortices

System ofn interacting point vortices irR? = C
of the jth vortex arez’/ = x/ + iy/.
of the jth vortex isT;
(see, e.dg., Paul Newton’s book)

L(z},Z9,20,Z )_—Zr(szJ 2iz')
J—l

1 n
—Z Tilog |27 — Z¥|,
2T 7k



Degenerate Lagrangians

or in real form,

L(x,y,x,¥) = % D Ti(xIyd — yixd)

n
_ L > Tilklog ((x7 — x*)% + (7 — y%)?).
47T °
J#Fk
This Lagrangian Is

Hamilton’s principle still applies; the Euler-Lagrang
equations give the

_j 1 Lk

Z

T omi & zi — ZK
j#k




Degenerate Lagrangians

General form of degenerate Lagrangians

The above Lagrangian has the general form
L(q,q) = (x(q),q) — H(q);
x 1S aone-formon@Q, andH : Q — R.
For the point vortex Lagrangian, witly = (x, y) €
R2", the form « is given in coordinates by
x(xt, yh) = —%l“ijyidxf - %l“ijxidyj,
wherel;; = I;0;; IS adiagonal matrix of vortex strengtt

This point vortex system has a Hamiltonian structure
we obtain integrators preserving this structure.



Degenerate Lagrangians

Hamiltonian structure

For degenerate Lagrangians of the general form abo
the momentum Is

and so the Euler-Lagrange equations become

a B oL B a(Xj i a_H
and hence
oci ;0% j_ _OH
aqfq 8qiq gt

These are rst-order equations of the form
qa=X(q)



Degenerate Lagrangians

where the vector eldX is given by
—da(X(q),v) =dH(q) - v
forallv € TQ.

This calculation shows that the equations of motior
are Hamiltonian, wheré

QO = —-d«.
Being Hamiltonian, the owg; : Q - Q of X Is
symplectic (i.,eqp;Q = Q), and the HamiltoniarH is
preserved by the ow (I.eH = H o @y).
Symplectic form for the point vortex Lagrangian:

Q=—-dx = —Fijdxi N d_’)/j.



Degenerate Lagrangians

whereg (s) denotes the solution to the Euler-Lagrang
equations withg(0) = q.



Degenerate Lagrangians

whereg (s) denotes the solution to the Euler-Lagrang
equations withg(0) = q.

Dene S;:Q — RbySi(g) =S5(q,t).
Regardg () as a function of the initial condition.



Degenerate Lagrangians

whereg (s) denotes the solution to the Euler-Lagrang
equations withg(0) = q.

Dene S;:Q — RbySi(g) =S5(q,t).
Regardg () as a function of the initial condition.

The differentialdg at time t is obtained by using the
rst variation of the equations (i.e., the tangentF;
of the ow map F; : Q — Q). This Iinduces a rst
variation of the curve, and hence the velocitywhich
can be used In the variational principle.



Degenerate Lagrangians

Take the exterior derivative,
Lo oL oL
dS=dJL ‘,‘dt—J( d +
( i (a’,aq’) 3q q’ 3q
oL d oL oL
B Jo (8011 dtoqi )dq at + 0qt 34149
= x;dqt|y = Ffat —

sincedq! at timet is obtained from that at time = 0
by the tangent to the ow map.

Applyd again: sincal® = 0, we obtain

Ffdx —dx =0,
Consequence: the symplectic foin= —d«x Is pre-
served by the ow map.

dqi> dt

t

0



Degenerate Discrete Mechanic

Choose a discrete Lagrangian

One choice Is

511;1510>.

Writing gr.o = (1—0)qr+ o qk+1, the discrete Euler-
Lagrange equations become

La(do,q1) = h - L((1 - 0)ao + oay,

0 - 0 A
75t +quﬂh %, (1o St (rnso) T2 S
~ Ki(Gkr1+0) — Ki(Gk+o)
h
0H 0H

= O-a(qk-l—()') + (1 - O')a l(OIk+1+(r)



Degenerate Discrete Mechanic

For point vortices, this simpli es to:

=J —J
Z 02 1 -0
k+2 Z I; 7 + —
2h 2m 2l ZJ _ Sl
k+o k+o k+1+0 k+1+0

If f(z) denotes the complex conjugate of the right
hand side, then these equations have the form

Z — Z
S = 0f (Zkio) + (1 - 0)f (Zkario).
Foro = 0 or o = 1, the scheme is explicit, and Is jus
the >which Is often used in molecu-

lar dynamics simulations where exact energy const
vation is critical. Foro € (0,1) it gives a family of



Degenerate Discrete Mechanic

xk+1

D///' xk+?+<’\~

S o Y2
Xk+o e

Xk _
Shows the structure of the scheme for point vortices: Closec
circles indicate nal values of x, arrows indicate evalua-
tions of the right hand side f (x), and open circles indicate
temporary values ofx used for function evaluation.



Numerics for Point Vortices

Accuracy and stabillity.

he integration scheme Is formaliy
(the truncation error 10 (h?)) for all values
of o excepto = (3 - +/3)/6, for which the scheme is

Standard stablility analysis shows thiat
when eigenvaluea of the linearized equation
are purely imaginary, with

Im (AR)| < ——

11— 20|
For o = 1/2, the region of stability is the left half
plane.




Numerics for Point Vortices

Which scheme to use depends oina

o=0
explicit, requires the least computation per timestep;
Most severe timestep restriction :|Ah| < 1.

o=1/2
Implicit scheme; no timestep restriction
o= (3-+3)/2

Implicit, most accurate; has a timestep restriction.



Numerics for Point Vortices

Discrete symplectic structure

he Qr , IS atwo-form
on Q x Q, given by

2
Q. = aiLd
04,04
Our discrete Lagrangian:

~da} A da.
1

La(gl,ql) = xi(qo) (@t — al) — hH(qo)
whereq, = (1 — 0)qo + 0q1.



Numerics for Point Vortices

One computes

0°L 0 X L - ag
“h RO (1 - 0) 5 A () T
0d4da] 9a‘da’ """ h
0 a(Xj
- anj(qo—) +(1-0) 5q (do)
0°H
This form Is by the Integrator.

This form Is close to the continuous symplectic forr
Q = —d«x: In the limit ash — 0 (andg: — qo), the



Numerics for Point Vortices

rst and third lines vanish, so

0 0 an> ; F
QLd (aql <an aql> dOIO/\dOI].

The term that multipliesr will cancel (it Is symmet-
ric), and we are left with, fofjo — g1 = O(h),

0
0qi
which Is precisely the continuous symplectic form.

Thus, numerically, the continuous form will remair

close to its exact value for all bounded
motions.

Qr, = dg’ A dg’ = d«,
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Future Directions

Point vortices on a sphere.

More general vortex methods (vortex blobs, vorte
dheets, etc).

More general uids—merge with AVI methods
Articulated bodies in uids

Clancy will be here this summer and we will push ¢
some of these things.
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