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¥ Outline and Goal of Presentation

I Outline:

² Obtain Einstein'sequationsby varyingHilbert action
² RewriteHilbert actionin 3+1 Lagrangianvariationalform
² UseHamilton'sVariationalPrinciple

¤ To rewriteHilbert actionin 3+1 Hamiltonianvariationalform
¤ To obtainADM constraint andevolution equations

² Show that super-momentum andsuper-hamiltonianconserved
dueto spaceandtime covariance.

I Goal:

² Answer the question:whereis the Lagrangian?
² Help to ¯gure out ¯rst stepin applyingvariationalintegrator
² Help to bridgethe gapin our understandingof the problem



¥ Overview of What We Will Present

I Einstein'sequationscanbe obtainedby varyingHilbert action

S[g] =
Z

V4

R(g)d¹ (g)

w.r.t the spacetimemetricg.

I After choosinga slicing(V4 ¼ I £ M ), S[g] canbe rewrittenas

~S[®; ¯ ; ° ; _° ] =
Z

I

Z

M
(K ij K ij ¡ K 2 + R(° ))®d¹ (° )dt

where
K ij = 1

2®( _° ij ¡ $ ¯ ° ij )

I So the Lagrangianis

L®;¯ (° ; _° ) =
Z

M
(K ij K ij ¡ K 2 + R(° ))®d¹ (° )



¥ Overview of What We Will Present

I EinsteinequationsareEuler-Lagrangeequationsfor L ®;¯ (° ; _° )

_° ij = ¡ 2®K ij + $ ¯ ° ij
_K ij = ®(K K ij ¡ 2K il K

l
j ) + ®Rij ¡ DiDj ®+ $ ¯ K ij

andconstraint equations:

E(° ; _° ) = K ij K ij ¡ K 2 ¡ R(° ) = 0

J(° ; _° ) = 2(DiK
i
j ¡ Dj K ) = 0



¥ Overview of What We Will Present

I On Hamiltonianside,S[g] canbe written as

~S[®; ¯ ; ° ; ¼] =
Z

I

Z

M
[¼ij _° ij ¡ (®H(° ; ¼) + ¯ iJi (° ; ¼))]dt

where¼ij = (K ° ij ¡ K ij )d¹ (° ),

H(° ; ¼)= (~¼ij ~¼ij ¡ 1
2~¼2 ¡ R(° ))d¹ (° ); J(° ; ¼)= ¡ 2Dj ¼

j
i

I So the Hamiltonianis

H =
Z

M
[®H(° ; ¼) + ¯ iJi (° ; ¼)]

I Einsteinequationsis Hamilton'sequationsfor H

_° ij =
±H
±¼ij ; _¼ij = ¡

±H
±° ij

andconstraint equations

H(° ; ¼) = 0 J(° ; ¼) = 0



¥ Lagrangian Form ulaton

I Let V4 a 4-manifoldwith a spacetimemetricg.

I For tensor¯eld Á and tensordensity Ãd¹ of correspondingtype,
thereis a natural pairing

(Á; Ãd¹ ) =
Z

V4

Á(Ã)d¹

I Einstein'slaw in the vacuum
canbe obtainedby varyingHilbert action

S[g] =
Z

V4

L (g) =
Z

V4

R(g)d¹ (g)

w.r.t the spacetimemetricg.

² R(g) is scalarcurvature
² d¹ (g) =

p
¡ det(g)d4x is volumeelement associatedwith g.



¥ Euler Lagrange Equations

I Recall:adjoint D¤ of a operatorD is de¯nedby

(D(Á); Ã) = (Á; D¤(Ã))

I If D is di®erential operator, D ¤ will be computedin usualway
by integrationby parts to give adjoint di®erential operator.

I If variationof the actionis stationary

±
Z

D
L(g) =

Z

D
DL(g) ¢h = 0

² for any boundedopenregionD ½ V4 with smooth boundary
² for any variationh of g vanishingon @D

I we obtainEuler-Lagrangeequationsin termsof adjoints

[DL (g)]¤ ¢1 = 0

I Equivalent to writing ±L
±g = 0 in termsof functionalderivatives



¥ Einstein's Equations in the Vacuum

I Since

D[R(g)d¹ (g)] ¢h = [DR(g) ¢h]d¹ (g) + R(g)D[d¹ (g)] ¢h
= [¢tr h + ±±h ¡ h ¢Ric(g)]d¹ (g)

+R(g)[12(trh)]d¹ (g)
= [¢tr h + ±±h ¡ Ein(g)¢h]d¹ (g)

where
Ein(g) = Ric(g) ¡ 1

2gR(g)

is the Einsteintensor(Gab = Rab¡ 1
2gabR)

I Here,

² ¢ = Laplaceoperator;¢ f = ¡r ar af
wherer is corvariant derivative

² tr = trace;trh = ha
a

² ±±h = doubledivergence= r ar bh
ab

² Ric(g) =Ricci tensorof g = Rab



¥ Einstein's Equations in the Vacuum

I Hence

±
Z

D
L(g) =

Z

D
[¢tr h + ±±h ¡ Ein(g)¢h]d¹ (g)

I Sinceintegralof ¢tr h + ±±h canbe convertedto
a surfaceintegralby divergencetheorem,
it vanishesbecausevariationsh areassumedto vanishon @D.

I Therefore,we have

[DL(g)]¤ ¢1 = ¡ [Ein(g)]]d¹ (g) = 0

where# meansindicesraisedby g.

I Or,
Ein(g) = Ric(g) ¡ 1

2gR(g) = 0



¥ 3+1 Formalism: Slicings and Em beddings

I SpacetimeV4 admitsa slicing by a family of 3D hypersurfaces.

² A di®eomorphism i : I £ M ! V4
onto a tubular neighborhood of i 0(M ) = §0.

² Each §t = i t(M ) is spacelike.
² Each curve i t(m) is timelike.



¥ Lapse Functions and Shift Vector Fields

I Tangent vectorsto curvesi t(m) de¯nesa family of vector ¯elds
X §t on §t.

I Each X canbe decomposedinto: X = ®n + ¯
wheren is unit normal¯eld.

² Normalprojectionde¯nesa family of ®t > 0 (lapsefunctions).
² Tangential projectionde¯nesa family of ¯ t (shift vector¯elds).



¥ Instrinsic and Extrinsic Geometry

I Usei : I £ M ! V4 ascoordinatefor neighborhood of § 0.

I For f n; @
@xi g wheren = 1

®( @
@t¡ ¯ i @

@xi ), dualframeisf ®dt; dxi + ¯ idtg.

I 4-metric: (i ¤g)abdxadxb = ¡ ®2dt2+ ° ij (dxi + ¯ idt)(dxj + ¯ j dt)

I For each i t, 1-to-1 corresp ondence between4-metricgab and
time dependent ® (lapse),̄ i (shift), ° ij (3-metrics)on M .



¥ In trinsic and Extrinsic Geometry

I g inducesextrinsiccurvatureK which describes
how normalsconvergeor diverge(K ij = ¡ ej ¢r ei n).

I Thissymmetric2-tensordescribesin¯nitesimalchangeof ° with t:
K = ¡ 1

2_° if curvesi t(m) aregeodesicsnormalto §'s.

I For arbitrary lapseandshift,

_° = ¡ 2®K ij + ($ ¯ ° )ij

I K canbe seenasauxiliaryvariablefor _° .



¥ Hamilton's Variational Principle

I For particlemechanics,Hamilton'svariationalprinciplestates

±
Z b

a
[pi _qi ¡ H (qi ; pi )]dt = 0 i® _qi =

@H
@pi

; _pi = ¡
@H
@qi

I For 3+1 Einstein equations , formalismremainsthe same.

I Step-b y-step analysis (after choosinga slicingi t):

² 3+1 decompositionof Hilbert action: S[g] = S[®; ¯ ; ° ; _° ]
² Find conjugatemomentum ¼to velocity _°
² DetermineHamiltoniandensity H = ®H + ¯ ¢J
² Find constraint equations

(H(g; ¼); J(g; ¼)) = 0

² Find evoluationequations

_g =
±H
±¼

; _¼= ¡
±H
±g



¥ 3+1 Decomp osition of Hilb ert Action

I Recall:Hilbert actionis givenby

S[g] =
Z

V4

R(g)d¹ (g)

I For each slicingi t, S[g] canbe written in termsof f ®; ¯ ; ° ; _° g
by a 3+1 decompositionof spacetimecurvature

R(4)
ij kl = Rij kl + K ik K j l ¡ K il K j k (Gauss)

R(4)
? ij k = DkK ij ¡ Dj K ik (Codazzi)

R(4)
? i? j = K l

i K lj +
1
®

Dj Di®+
1
®

_K ij



¥ 3+1 Decomp osition of Hilb ert Action

I TheactionS[g] becomes

S[®; ¯ ; ° ; _° ] =
Z

I

Z

M
(K ij K ij ¡ K 2 + R(° ))®d¹ (° )dt

+2
Z

I

Z

@M
(K ¯ i + D i®)d¾idt

¡ 2
Z

M
(K t2 ¡ K t1)d¹ (° )

I Themain term canbe rewrittenas
~S [®; ¯ ; ° ; _° ] =Z

I

Z

M

( _° ij ¡ $ ¯ ° ij )
2®

( _°kl ¡ $ ¯ °kl )
2®

(° ik ° j l ¡ ° ij ° kl )®d¹ (° )dt

+
Z

I

Z

M
R(° )®d¹ (° )dt

² 1st term can be written as DeWitt metric ¡G (K ij ; K ij ) and
canbe seenaskineticenergy.

² 2nd term
R

M R(° )®d¹ (° ) canbe seenaspotential energy.



¥ Find Conjugate Momem tum Variables

I Let M be spaceof 3-metricson M , canregard(° ; _° ) 2 TM .

I SinceLagrangiandensity is
~L = (K ij K ij ¡ K 2 + R(° ))®d¹ (° )

=
( _° ij ¡ $ ¯ ° ij )

2®
( _°kl ¡ $ ¯ °kl )

2®
(° ik ° j l ¡ ° ij ° kl )®d¹ (° )

conjugatemomentum

¼ij =
± ~L
±_°

= (K ° ij ¡ K ij )d¹ (° )

=
( _°kl ¡ $ ¯ °kl )

2®
(° ij ° kl ¡ ° ik ° j l )d¹ (° )

is a contravariant 2-tensordensity and(° ; ¼) 2 T¤M .



¥ Determine the Hamiltonian densit y

I So, Hamiltoniandensity is

H(° ; ¼) = ¼ij _° ij ¡ L = ®H(° ; ¼) + ¯ iJi (° ; ¼)

where

H(° ; ¼) = (~¼ij ~¼ij ¡ 1
2~¼2 ¡ R(° ))d¹ (° )

J(° ; ¼) = ¡ 2Dj ¼
j
i

and¼= ~¼d¹ (° ).

I If boundarytermsareincluded,we have

S[®; ¯ ; ° ; ¼] =
Z

I

Z

M
[¼ij _° ij ¡ (®H + ¯ iJi )]dt

+2
Z

I

Z

@M
(¼i

j ¯
j ¡ 1

2¼̄ i + D i®)d¾idt

¡ 2
Z

M
(¼t2 ¡ ¼t1)



¥ Find the Constrain t Equations

I Apply Hamiton'sVariationPrincipleto 3+1 action

~S[®; ¯ ; ° ; ¼] =
Z

I

Z

M
[¼ij _° ij ¡ (®H(° ; ¼) + ¯ iJi (° ; ¼))]dt

by varyingf ®; ¯ ; ° ; ¼g.

I Since® and¯ arecyclicvariables(no _®; _¯ ),
variationof the actionw.r.t. ® and¯ leadsto constraint equations

H = (~¼ij ~¼ij ¡ 1
2~¼2 ¡ R(° ))d¹ (° ) = 0

J = ¡ 2Dj ¼
j
i = 0

where¼= ~¼d¹ (° ).



¥ Find the Evolution Equations

I SinceHamiltoniandensity H is

®H + ¯ iJi = ®[~¼ij ~¼ij ¡ 1
2~¼2 ¡ R(° )]d¹ (° ) + ¯ i [¡ 2Dj ¼

j
i ]

evolution equationsaregivenby

_° =
±

±¼
(®H + ¯ iJi ) _¼= ¡

±
±°

(®H + ¯ iJi )

I 1st setconsistof 2 terms

_° ij = 2®(~¼ij ¡ 1
2° ij ~¼) + $ ¯ ° ij

I 2nd setconsistsof 4 terms

_¼ij = ®S° (¼ij ; ¼ij )¡ ®Ein(° )]d¹ (° )+( D iD j ®+° ij ¢ ®)d¹ (° )+ $ ¯ ¼ij

² 1st term (quadraticin ¼) = geodesicspray of DeWitt metric
² 2nd term = forcingterm of scalarcurvaturepotential
² 3rd term=`tilt' term dueto non-constant ®
² 4th term=`shift' term dueto nonzeroshift



¥ 3+1 Equations on Lagrangian Side

I In termsof K ij , constraint equationsare

K ij K ij ¡ K 2 ¡ R(° ) = 0

DiK
i
j ¡ Dj K = 0

The evolution equationsare

_° ij = ¡ 2®K ij + $ ¯ ° ij
_K ij = ®(K K ij ¡ 2K il K

l
j ) + ®Rij ¡ DiDj ®+ $ ¯ K ij



¥ Conserv ation of Super-Hamiltonian & Super-Momen tum

I Can be shown:

² Super-hamiltonian H = (~¼ij ~¼ij ¡ 1
2~¼2 ¡ R(° ))d¹ (° )

² Super-momentum J = 2Dj ¼
j
i

areconservedandequalto zero.

I Can be seenasresultof generalsymmetryprinciple:
3+1 actionis invariant under

² timetranslationgroupT (time reparametrization)
² D = di®(M ) (active coordinatetransformation)

I Will show conservation of super-momentum for ® = 1; ¯ = 0
wherethe Lagrangianis

L =
Z

M
[14( _° ij _° ij ¡ _° i

i _° j
j ) + R(° )]d¹ (° )



¥ Conserv ation of Super-Momen tum

I Will show: super-momentum J ismomentum mapofD = di®(M ).
Sincemomentum mapJ is conserved,sois super-momentum.

I Let D actson M by ° 7! (´ ¡ 1)¤° (coord. transformationof ° ).
Clearly, L is invariant underthis groupaction.

I Momemtum mapJ : T¤M ! D¤ is de¯nedby

(J (° ; ¼); ») = (¼; »M (° ))

² » 2 D whereD is Lie algebraof D (spaceof vector¯eld onM )
² »M (° ) is its in¯nitesimalgenerator

(in¯nitesimalcoord. transformationof ° )

I So

»M (° ) = d
dt((exp(¡ t»))¤° )jt=0

= (exp(¡ t»))¤(¡ $ »° )jt=0
= ¡ $ »°



¥ Conserv ation of Super-Momen tum

I Recall:momemtum mapJ : T¤M ! D¤ is de¯nedby

(J (° ; ¼); ») = (¼; »M (° ))

² » 2 D whereD is spaceof vector¯eld on M
² »M (° ) is its in¯nitesimalgenerator= ¡ $ »°

I FollowingcomputationshowsJ = J:

(J (° ; ¼); ») = (¼; »M (° )) = (¼; ¡ $ »° )

=
Z

M
¡ (Dj »i + Di»j )¼

ij

=
Z

M
2»iDj ¼

ij = (J(° ; ¼); »)

² 2nd to 3rd line is by integrationby part,
divergencetheoremand@M = ; .

I SinceJ is conservedand= 0 initially, J is zeroidentically.



¥ Conclusion

I Have shown: equivalencebetween

² ADM evolution andconstraint equations
(in Lagrangianor Hamiltonianform)

² Lagrangianor Hamiltonianvariationalprinciple
for ~S[®; ¯ ; ° ; _° ] or ~S[®; ¯ ; ° ; ¼]

I Have proved: in Lagrangianor Hamiltonianformulation:

² Constraints areconservedandequalto zero.
² Their conservation canbe seen

asresultof time andspacecovariance.

I Sincevariationalintegratorpreservesthe conservedquantities, we
hopethat it will providearobustalgorithmfor numericalrelativity.


