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¥ Qutline and Goal of Presentation

| Qutline:

> Obtain Einstein'sequationsy varying Hilbert action
> RewriteHilbert actionin 3+1 Lagrangianvariationalform
> UseHamilton'sVariationalPrinciple

a To rewriteHilbert actionin 3+1 Hamiltonianvariationalform
o To obtain ADM constraih and evolution equations

2 Show that su

er-mometum and su

dueto spaceandtime covariance.

| Goal:

er-hnamiltonianconsergd

> Answer the question:wherels the Lagrangian?
> Helpto gure out rst stepin applyingvariationalintegrator
> Helpto bridgethe gapin our understandingpf the problem



¥ Overview of What We WIill Present

| EInstein'sequationsanbe o%tainedby varyingHilbert action
Slgl=  R(g)d*(9)
V4
w.r.t the spacetimanetricg.
| After choosinga slicizng£V4 Yal £ M), S[g] canbe rewrittenas
SI& :°i0l= (KK KZ+ R(°)@d (°)dt
| M
where

Kij = 55 i $°i)
| Sothe Lagrangians 5
Le ;)= (KiK' i K2+ R(°))@d: (°)
M



¥ Overview of What We WIill Present

| Einsteinequationsare Euler-Lagrangequationgor L g—(°; °)
% =0 28K+ 5
Kij = ®KKj i KjK{)+@Rj i DiDj®+ $-Kj
and constraimn eguations:
EC;2)=KiK! j K% R(°)=0
J(°;°) = 2(DinI i DjK)=0



¥ Overview of What We WIill Present

On Hamiltoniansi%e,%[g: canbe written as

Sle o= A i (OHC T )t
whered = (K°U ; KU)di(°),
HC W= W i 321 RE)NA(C);  I(;%=i 2D;%

S0 the HamiltonianisZ

= [BHC:)+ i 9]

Einsteinequationss Hamilton'sequationdor H
+H T +H
% = vl =

R £

andconstraih equations
H(®;%7) =0 J(°;7 =0



¥ Lagrangian Form ulaton

| Let V4 a4-manifoldwith a spacetimanetricg.

| For tensor eld A andtensordensiy Ad® of correspndingtype,
thereis a natural pairing 5

(A; Adt) = A(A)d?
Vy

| Einstein'slaw in the vacuum
canbe obtainedby var)éing Hilbert Zaction

Slgjl= L(g)= R(gd*(9)
\V/ \V/
w.r.t the spacetimanetricg.

> R(Q) Is sgalarcur\ature
2 di(g) = i det(g)d* is volumeelemehassaiatedwith g.




¥ Euler Lagrange Equations

Recall:adjoirt D* of a operatorD is de nedby
(D(A);A) = (A D*(A))
If D is di®eretial operator, D" will be computedn usualway
by integrationby partsto give adjoirt di®erenal operator.
If variation of the azction IS statzionary

+ L(g) = DL(g)¢h=0
D D

> for any boundedopenregionD %2 V4 with smapth boundary
> for any variationh of g vanishingon @

we obtain Euler-Lagrangequationsn termsof adjoirts
[DL(g)]"¢1=0

A _

g O in termsof functionalderinatives

Equivalert to writing



¥ Einstein's Equations Iin the Vacuum

d* (g) + R(g)D[d* (9)] ¢h
N h¢Ric(g)]d* (g)

n)]d* (9)

Snce
D[R(g)d* (g)] ¢h = [DR(g) ¢h
= [Ctr h + +H
+R(g)[5(tr
= [¢trh+ =
where

Ein(g) = Ric(g)
IS the Einsteintensor(Gap = Rapi

Here,

2 ¢ = Laplaceoperator;¢f = jr
wherer Is conariart deriative

2 tr = trace;trh = h$

2 +h = doubledivergences r gr

N Ein(g) ¢hid* (g)

i 39R(0)
%gabR)

al af

bh ab

> Ric(g) =Riccitensorof g = Ry



¥ Einstein's Equations Iin the Vacuum

Hence 7 7

+ L(g)= [¢trh+ =hi Ein(g)¢h]d: (g)
D D
Snceintegralof ¢tr h + =h canbe corvertedto
a surfacantegralby divergence¢heorem,
It vanishedecaus&ariationsh areassumedo vanishon @.

Thereforeywe have
[DL ()" ¢1= i [Ein(@)]'d* (g) = O
where# meangandicesraisedby g.

Or,
Ein(g) = Ric(@) i 39R(g) = O



¥ 3+1 Formalism: Slicings and Embeddings

| SpacetimeV, admitsa slicing by a family of 3D hypersurfaces.
> A di®eomorphism I £M! Vg
orno atubular neighborhood of ig(M ) = 8.
> Eadth 8¢ = 11(M) is spacelik
> Eadh cuneit(m) is timelike.




¥ Lapse Functions and Shift Vector Fields

| Tangeh vectorsto cunesit(m) de nesa family of vector elds
Xg, ON 8.

| Eadh X canbe decompsednto: X=@®n+
wheren is unit normal eld.

2 Normalprojectionde nesa family of ® > 0 (lapsefunctions.
2 Tangemial projectionde nesafamily of + (shift vector elds).




¥
I

Instrinsic and Extrinsic Geometry

Usel : | £ M| V4 ascoordinatefor neighborhaod of § .

Forfn; @C‘?,gwheren ®(@, _i@@,—),duah‘rameisf@dt;dxi + ~dtg.

4-metric: (i°g) adxdxP = | ®dt?+ °jj (dx' + ~dt)(dx) + T di)
For eat it, 1-to-1 corresp ondence between4-metricg,, and
time dependen ® (lapse), ' (shift), ° j (3-metricsjon M




¥ Intrinsic and Extrinsic Geometry

| g induces=xtrinsiccunature K whia descriles
hav normalscorvergeor diverge(Kj; = i g ¢r gn).

| Thissymmetric2-tensodescrilesin nitesimalchangeof © with t:
= %"_if cunesii(m) aregeaesicshrormalto §'s.

| For arbitrary lapseand shift,
=0 K+ ($°)j

| K canbe seemsauxiliary variablefor ° .



For |Z:)article medanics,Hamilton'svariationalprinciplestates
b N — - T C L I 4
* a[plq_l H(g;p)ldt=0 I® (= @, PBi = | @
For 3+1 Einstein equations , formalismremainghe same.
Step-b y-step analysis (after choosinga slicingiy):
3+1 decompsitionof Hilbert action: S[g] = S[®; ;°;°]
Find conjugatanomemum Ysto velacity
DetermineHamiltoniandensiy H = ®H +  ¢J
Find constraih equations

(H(9;¥3;J(g;%9) = O
Find ewluationequations
+H - 1H

1= = 4



¥ 3+1 Decomp osition of Hilb ert Action

| Recall: Hilbert actionis givenzby

Slg]=  R(g)d*(9)
V4

| For ead slicingit, S[g] canbe written in termsof f®; ;°;°g
by a 3+1 decompsitionof spacetimeunature

4
Ri(j |)<| = Rjj + KikKjri KjKjk (Gauss)
4 .
R,(_,%k = DiKjj i DjKjk (Codazzi)
e 1 .1
Roipj = KiKyj # @DJDI®+ ok



¥ 3+1 Decomp osition of Hilb ert Action

| TheactionS|g] becozm%s
S[® ;000 = (Kij KV i K2+ R(°))@d (°)dt
| M7 | |
+2 (K" + D'®)d%:dt
ZIl @V
i 2 (Ktzi Kt]_)dl(o)
M
| Themainterm canbe rewritten as
S@_.0.0 —_
121 10 . . . .
i i $%)Cxi $-k1)
17 N7 2® 2®

+ R(°)@d (°)dt
| M

2 1st term can be written as DeWitt metric G (Kj ;Kj; ) and
canbe Segras Kinetic energy

2 2ndterm ,, R(°)®d! (°) canbe seeraspotertial energy

(eikoil; ol oklygyr (°)gt



¥ Find Conjugate Momem tum Variables

Let M be spaceof 3-metricson M, canregard(°;°) 2 TM .
Sncelagrangiardensiy Is
= (Kj KT | K2+ R())@d (%)
Gy i S Cuai Bk o kol . ol o Klyawy (o
== oIl oo ke (°)
conjugatemomertum

. +H
1/4';1 — —I(:
*_

= (KU i K)d ()

Crii $°k1) joij okl . oikojl
— ol] o . O o d]_ o
B ( i )dt (%)
is a cortravariart 2-tensordensiy and(°;¥) 2 T°M .



¥ Determine the Hamiltonian density

| S0, Hamiltoniandensiy is
HE: = A2 i L= @HC )+ 31
where
HEs9 = (%A i 5% R())d (%)
JC;¥) = i D%
and = %! (°).
LIf boundarytermsarezingluded,we have
S[@ ~;°; Y] = [ 25 i (@H+ 3t
+2 (4 i o' + D'®)d¥%dt
Zl @

i 2 M(l/‘ﬂzi 1/191)



¥ Find the Constrain t Equations

| Apply Hamiton'sv%ri%tion Principleto 3+1 action

Sl 7= P @HC A T )
by varyingf®; ;°;vg.

| Snce®and arecyclicvariablegno®; ),
variationofthe actionw.r.t. ®and leadsto constraih equations

H= (%% i 341 RC)d(°)=0
J=i2Dj%=0
whereVa= %! (°).



¥ Find the Evolution Equations

| SnceHamiltoniandensiy H is
®H+ 13 = @A | 24 RCIA(C)+ i 2D %]
ewlution equationsaregiven by

o - T —i — o T —]
ey S =i (@H+ 1Jj)

| 1st setconsistof 2 terms
% =28 0 A+ S
| 2nd setconsistof 4 terms
1l = ®Se (V4 ) ®EinCe) d (°)+(D'D!@+° ¢ ®)dr (°)+$ -4
2 1stterm (quadraticin ¥) = gealesicsprgy of DeWitt metric
2 2nd term = forcingterm of scalarcunature potertial

2 3rd term="tilt' term dueto non-constan®
2 4th term="shift' term dueto nonzercshift



¥ 3+1 Equations on Lagrangian Side

| Intermsof Kjj , constraiin equationsare
Ki KV i K2j R(°)=0
DinI i DjK =0
The ewlution equationsare
% =0 28K+ 5
Kij = ®KKj i KjK{)+@Rj i DiDj®+ $-Kj



¥ Conserv ation of Super-Hamiltonian & Super-Momen tum

| Canbe shavn:
> Quper-hamiltonian H= (4% i 341 R(°))d(°)
2 uper-mometum J = 2D 14
areconsergdandequalto zero.

| Canbe seerasresultof generasymmetryprinciple:
3+1 actionis invariart under

2 timetranslationgroupT (time reparametrization)
> D = di®M) (active coordinatetransformation)

| Will shav conseration of suger-mometum for®=1 =0
wherethe Lagranzqian's

L= BT+ RO )




¥ Conserv ation of Super-Momen tum

| WIll shav: super-mometum J ismomemum mapofD = di®M ).
Sincemomemum mapJ IS consergd, S0is super-mometum.

| LetD actsonM by ° 7! ("i H)® (coord. transformatiorof °).
Clearly L is invariart underthis groupaction.

| Momentum mapJ : T°M | D" isde nedby
(J(5%9:») = (Yom (7))
2 » 2 D whereD isLiealgebraof D (spaceofvector eld onM)

2y (°) Isits in nitesimal generator
(in nitesimal coord. transformationof °)

I S0

o (°) = SEexp(i 1))°)jt=o
(exp(i )G $.°)jt=0
= $»°



¥ Conserv ation of Super-Momen tum

| Recall:momenum mapJ : T°M ! D isde nedby
(J(5%9:») = (Yom (7))
2 » 2 D whereD is spaceof vector eld on M
2y (°) Isits in nitesimalgenerator= | $,°
| Folloving computationshavsJ = J:
(I(5%5») = G (°)) = (i $5°)
= i (Dj»+ Djy)¥A
7M
= 2D = (35 ¥95)
M
2 Z2nd to 3rd line is by integrationby part,
divergenceéheoremand @ = ;.

| SnceJ isconsergdand= O initially, J is zeroidertically.



¥ Conclusion

| Have shavn: equialencéetween
> ADM ewlution and constraim equations
(in Lagrangiaror Hamiltonianform)
> Lagrangiaror Hamiltonianvariationalprinciple
forS[® :;°;°]orS[®, ;°;¥]
| Have proved: in Lagrangiaror Hamiltonianfornmulation:

> Constrains areconsergd and equalto zero.
> Thelr conseration canbe seen
asresultof time and spacecovariance.

| Sncevariationalintegratorpreseresthe consergd quartities, we
hopethat it will providearobustalgorithmfor numericakelativity.



